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DIFFERENTIAL FQUATIONS FOR TURBULENT MOTION OF A COMPRESSIBLE FLUID

L. KELLER AND A. FRIEDMANN, LENINGRAD ‘

SUBMITTED
LECTYRE-GIVEN BY A. FRIEDMANN )

Problems

Osborne Reynolds was successful in converting the hydro-
dynamic equations for the motion of a viscous homogenous incom-
pressible fluid, so that only certain values of the
velocity components occur in the resulting equationse There

also ocecur 6 quantities which characterize the condition of

the turbulence at a given place and at a given timee These
gquantities represent 6 new unknown functions of the coordinates
and the times Reynolds’system of equations is not sufficient

to determine these unknown quantities from their initial values.

The problem considered in this publication is the com-

pletion of the characterizing quantity-system of turbulence so

that the knowledge of these characteristics is sufficent for the
torres ponding

initial moment to find the proper values of the same functions

for every additional time-pointe. This, we wish to do by an

extension of Reynolds! ideas. The knowledge of characteristics

avaragec,
mentioned above is in connection with the-eqﬂaftzed values
of the kinetic and dymamic elements for the initial moment e

For doing this we want to use the turbulence in the atmosphere

which isthought to be the perfect compressible fluide

Basis of the Reynolds Method.

The basis of the Reynolds Method is the comparison of a
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real motion with a certain ngverage" motions. For the latter

duration of the velocity com=

motion all fluctuations of short

ponents are smoothed oute We understand by fluctuation in this

case not only the fluctuations of the quantities with time but

rved in transition

also space fluctuatlons which must be obse

arbpitrar o i
nt in the space to a neighboring point

from a freely chosen poi

in any dire ction.

g
o

lace in this fashiony ¢

The smoothing-out spoken of takes P

an arbitrary Sluctuating
et in the place of aui‘reely—chosaﬁ vaciakke” function g)({‘ %X,
_Lj Z) Cls tak enjahese ’B mean value' for a certain time interval #
o,
(f’ f-r I~) | according to the formulat ;
. (1)
— )
Cp = T f@ 6“’/' b
-1 |
or also a space=-time mean value according to the formula:
7 2
) T+ 2z & *z f* )
= —— | @ty 2)dt ded ;
ol X |
TXY 2 - _Z ! ) % -ydé |
- Z x = —‘ y— =T 2 i

In the following section only mean values btaken according

to formula ( 2 ) will be observed. The four dimensional value
jon of the variable t,X;¥,%s OVeT which the integral in (2)

reg
region G in the following sectione

extends will pe called the

For taking the mean values of such anature Reynolds set

up simple rules of calculatione De T. Richardson (Weather
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T

prediction, p. 96) said on the assumptions upon which these are

pased, "all these assumptions are not rigidly valid, but they

show good approximations as soon as the osclllations are dis- ‘ Vi i
tributed in suf ficiently large numbers and at randome They 1 ' :
would be rigidly tpue if it were possible to soO choose a :

averaging averagec
~equa-1vidz;axf&en/j1.nwrval so that the equed motion could be 4

treated as an infinitely small quantity and at the sanme time

would be infinitely large compared to the periods of flucte i \

uatione'

The next step is to note that this shows that within

the interval or value region used for taking mean values there 3

ave-:,\"‘-:\fﬁt‘é( o . .. . :
are eauali-sed quantities with sufficient approximation to be

ent appror = ————

handled as constants (Postulate I). From this follow the two

main statements of Reynolds' algorithme

o =@ (3) -;

e —— ‘

Further, the following distributive law is valids
——l (s)
¢+ Y=Y |

and as a specilal oT 1imiting case of the same, we have the

following differential formulas

5’@%@-# )
oS ”35@

where s signifies any one of the L basic variables 1,X,¥s%e
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Iet us call such functions for which the above postulate

is valid with sufficient approximation with proper choice of

smoothing out values (s the quantities T,%X,Ty2Z in the formulas

(1) or (2) ) as restrictedly fluctuating function.

We assume this property for the significant functions

in the dynamics of the atmosphere, i.e., for the veloclity

W B
components U,VsWy for the specific volurne/w/’ and for the pre= omeaa.

ssure Pe

Correlation Moments:

Let CP and (,V be any two such restrictedly vorisble. ‘S:'L'Uc‘hia'{?" "9

functions. We signify as neorrelation moment! of the Functions

@ and (10 the mean value:
_—_________.——-——’

ol w)= (-G} ¥-F)=9-3-¥ L

These correlation moments, constructed in pairs for the
various elements, are known to be the significant parameters for 1
the statistical distribution of the various value systems of the
observed functionq{rithin the region Go Therefore R ( Cﬁj (/ )

is the quadratic of the "spread" of gp, while the quotient
V/W represents the neorrelation factor" of gﬂ
f] .
and y/ °

The 6 characteristics introduced by Reynolds represent

the correlation moments of the 3 velocity components: R(u,u) etce

For the symbol R C@) V/) , the following commutative and

distributive laws are valid:
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Ry = RW&Y) ®

' 2 gy )= k(@) R % )

;_Etroducti.on of containing Momentse

Now We COme, Lo a major expansion of Reynolds' conceptione 4 <

We introduce operations which are related to the statistical
connections petween the simultaneous conditions of two neigh=

boring points in space, OT» more general than this, between the

conditions of two aif ferent nuniversal pointso“

Let there be two functions

of 'bﬁinie and of the coordinates. We sets

40/ = ?Ct—'ﬁ'%"z)y—)z 2’29)
Y = W(“C-f—’a,x-x—i, y+h 25l

(a)

and construct the correlation moment R ((p,} (/Z_) . In taking the

mean value of this only the values of the fundamental variables

£yX,¥s2,VaTY while the increments ﬁj é b‘ Z can be regarded as

constant parameters .

We now further setr ()

?"f’v‘fn L _E=w, Yh =Y, BT
rever, FrETH yip= Y, 2+5=%
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The quantity R(@u %) can accordingly be regarded elther
as a function of the eight arguments t,X;¥,%} ’Cj E, n, Z; or
as a function of the arguments ‘bl, Xps Yy T3 Xy Vs % o
In the first case we signify the function with the symbol. Ef’i W)
and in the second case with é(p) Yy e Therefore the following

definitions are valid:
(10)

)e(@“ b= E%V 2 77,Zﬂ; %) 7= E‘@ ‘/’(t”x’/y’) 20,5, %, 2,)

We call the quantities 7%@} y tecontaining moments",
because a "containing tendency" of the variations from the re-
lative mean finds expression in these tmoments", to be exact,
this "tendency" exists with respect to time as well as space

variationse

Calculation Rules for the Containing Momentss

The following properties are contained in the symbol
9
7(‘.(/ 2 First, 76% W is not commutative with respect
J

to 4/ and w o Instead there is the relationships
' (11)

Repl Enztx, y2)= K, (Z-4-9-2:6 %Y 2/

On the other hand, the same property follows from the
distributive law for R (@j (//) for the newly introduced symbol
i 12
R w . (12)
= + /Q
Regew =™ S8 ¢
When the increments 4 E/ », Z are reduced to zero,

the containing moment /?w w goes into the Reynolds correlation
1

moment E(Q/ (//) :
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f@gx(O@&@, %y z)=R(@ ¢ (13)

Further, the following differential formulas are valid:

‘ e 2 (W)
L ow =25 “r-—‘) :
wie 2lds 97 Rp, v
Roo =L (-2
g2y )Ry
where s, as before, represents any one of the four variables
t,%,¥,%, while & represents the resulting increment (Tf)
respectively & )’]/L ).
Proof: TFrom the equation of definition (10) and with
help of (a) and (b) we obtain:
()

= IW(la)¥n Yo
R%g’% - R ((‘ﬂ(tﬂ k/) 4 :Z/)) ( ale Zi): R (@/) %%;:)

On the basis of the distributive law we further have:

(d)
R(p, 5¢.)= 55 R0, 4) =35 Royy

e)
R ay _ 2 D
Zos T G @wf

o s i Sl DR e SR i i
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and in the same manner:/?_ﬂ - ”@‘_ /..%—
St 2s, @ Y
We arrive at formula (L) in that we express the deriva=-
tives of &‘?/W with respect to sy and sp by derivatives of /Qgp, ¥

with respect to 8 and &°. This we do on the basis of the re=

1ations (10) and (b)e

In conjunction with the relationships developed above, we
give two additional formulas which relate certain mean values to

the symbol /(//.

Now we write formula (13) in abbreviated forms

/?(@(/’): (7?(/9;90)0 (15)

Trom this we obtain, using (7)

W" @ L// '*‘//égy)

From (15) we further geb with help of the differential

formalas (6) and (Ll):

4’ “47 g;/) (’élv)+z )

A\
(AF{;

Supplementary Assumpbions

The material shown above requires no further hypotheses beyond
the assumptions that are the basis of Reynolds' theory. Now we must
make two further 1imitationse Without these limitations our algorithm
for productive treatment of the hydrodynamic equations would not be
sufficient. This can be seen in that we cannot operate with expressions

of the form using calculation rules we have set up thus fare

First, we must postulate that the containing moment can only
assume values noticeably different from zero in the immediate neigh-

wo |
vorhood of the.ga}e-b&l: point (%, 85 ¥» z) - let us say in a small value

r? ‘of the increments L E 77 ; N

region
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Tt must be so, that within the value—regionf" all smoothed-out

functions (@ etc.) can be nandled as constentse (This is

Postulate I and makes a demand similar to the one wnade in

Postulate I for the region @)

ments of the

4
i
i

Secondly, we assume that apart from the mo

order %zyo,tﬁ and their derivatives we can overlook moments of

higher order. (This is postulate III.) :
Such is the case as soon as wWe admit that the "Smoothing-

out values", which are formed by the process of taking the mean

of smoothed=out oscillations (Q7l=» Qﬁ - ¢5 ) can be observed

as a system of waves not only of short-periods (as is demanded

by postulates I and II) but also of small amplitude.

On the basis of the last postulate we can set up appro=-

i
§

i

swimation formulas for the calculation of mean values and of

correlation moments for combined expressions which depend on

several variable functions.
Without going into these general formulas further, we

show a very special expression which we need for our immediate

F‘ purposes:
e (@//(ﬁi—; (ﬂf) = @2.‘ /e(@/) % ) +@‘ ,€(¢1/ % ) an
Ezpof; Let us introduce the correlation moments of the

third degree in which we set:

/;? (KZ%/ CZZ,; 4?5 ) :?(ﬁ?"‘ EZZ) ’(ﬁzL‘“QZaj' (%?3“§§;)

D RGN ; o
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and thus with the help of the Reynolds' calculation ruwles we

easily verify the following exact formula:

00, 0.,0)= 3R, 6+ R©,4)+R@,4.4)

Tf we neglect the third term on the right on the basis of

the above postulate, then we have the approximate formula (17)e

Formula (17) gives us the transformation we have been

seeking for the expression /ep-{’ %ﬁ on the basis of the definition
g S

of the containing moment according to Formula (10) with the help

of Postulate II and the differential formila (W) s

_ov, L7 2
E@/,ﬁ%}%—’ P Rs ’Q(pﬁf -+2.7["(J'S Tt aa“> /Q@‘/

(18)

0% e
@zg—;,fﬁf?gw* f- (3 f—a—;)/?%@

These formulas are obviously a generalization of the for=-

wlas (1) which we receive again if we set f -lﬁ.n (18).

setting Up the pifferential Equations of Turbu]:ent Motion

The operations mentioned above will now be applied to
thehydrodynamic equations.

et us at first 1imit ourselves to the case of the adia=

batic mobion of an ideal heavy compressible fluid. Let us write

the equations of motion in the Euler forms

-10 a

Declassified i - it
sified in Part - Sanitized Copy Approved for Release 2012/04/20 : CIA-RDP82-00039R000200040024-0




Declassified in Part - i !
Sanitized Copy Approved for Release 2012/04/20 : CIA-RDP82-00039R0!
[ : - 00200040024-0

(19)

N
=
S~

o, ou. Lo
Ll = —xplox +ay =

Tn order to make it easier to have a perspective of the

following observa tions, e will designate the five unknown

!
4
i
4
4

functions, W, V,Wyd respectively b and
s Wy VWl P P y oy &,}@L/qﬂj) @4/) @f
will write the five equations (19) in the form:
B(pé _ ?‘
=3 ° Fo (20) L

a , « : 3’
, by setting -‘a% F é we can write even more briefly: 2 Ll

=0 (202)
1= (/)2‘/ ""/4/"\57

We will now try to transform these equations SO, that in the

RIS by

j e tuating
resulting system th qunctlons {ﬂL no longer occur and we
have, instead, the mean values @L- and the characteristics of the

turbulence /? (&, X (P A .
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Tn connection with this last statement, we want to prove
that there [characteristics] satisfy the initially set conditions

for a complete system of charactefistics.

For the transformation mentioned we have the use of
two operationst. (1) 'the simple taking of mean values, (2)

the formation of containing momentse

Whenever it is not necessary o make particular indica~
tion of the functional dependence of the quantities
E% W(_?/) 2’,77,;5 L%, Y, Z) on their eight
arguments, we will replace this symbol with the simple paren-=

thetical expression (@/ W) °

We now form the following equations:

_@L. =& (5 equations) (21)
( (P?:) @E> =0 (25 equations) (22)
(i@é ) {0/&) =0 (25 equations) (23)

By using successively the calculation rules mentioned above
the equations (1) - (23) can obviously be transformed in the man-

ner we wishe

The resulting equations then contain the following gquan-
tities: (1) the five mean values@‘. and the derivatives of these

quantities with respect to time and the coordinates.

(2) the 25 containing moments (@, W,Q ) and their

derivatives, first with respect to the time and the coordinates,

(12 -
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secondly with respect to the increments TI’, Z, 7))%;

(3) the special values, which the functions mentioned in

(2) and their derivatives assume for the special value system

V=i p=Z=0 .

The functions shown in (1) and (2) must also satisf{y the
following supplementary conditions:

(a) the five quantities (ZL» depend solely on the time and
the coordinates, but are independent of the increments. This
gives us 5 x U = 20 equations of the form:

27,
el

(b) (’@() Cﬂé) are made subject to the condition (11) which

(2k)

produces 25 finite relations among 50 functions /Pfﬂ; @{ (’Ejéj %;j
E;X).‘/A?;} and /e;,‘,) % (- ?':—E/ — };,)_Z; 'L:X,'/}i). These relations

we write in brief as follows:

(@Q) @): (@,‘; Yo ) (25)

Conversion and Discussion of the Equations Produced

In order to make the connections between the equations
(21) - (25) clear, we write the hydrodynamic basic equation
(19) in the form (20). From this the equations (21) = (23) can be

thus representeds

ed Copy Approved for Release 2012/04/20 : CIA-RDP82-00039R000200040024-0
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(38 ) = (e

(23a)

We develop the two parenthetic expressions on the left accord=

ing to the differentiation formulas (1L) and then, after addition

and subtraction, we get:

_bé?<(p(:) WI?,)':‘ ((p{,'), F/Q)"}l" (FL) @,@) (27) &

5% (@, Or) = (00, Fp)— (Foolor) s

Since the expressions Fi etc. do not contain derivatives |
with respect to b, then - on the basis of the generalized 3

differentiation formulas (18) ~ the expressions on the right

in (27) and (28) cannet contain derivatives with respect to t
~N

or ‘U but only those with respect to x,y,z,a}'ﬂ)ze The system

(27) then represents the result of the elimination of all

differential quotients [ }j'with respect to T from the

equations (22) - (23). The system (28) is a result of it %

the elimination of the differential quotients with respect to Te

From this we may conclude the initial values of the

containing moments(QQ,QgQ) produced by time point t » 6 can
most definitely not be observed as arbitrary functions of X, ¥,
z,fﬁ£7?h;, since these values must satisfy the equations (28)

under any conditione

The systems of equations (26), (27), (28) is equivalent

to the system (21) - (23). Therefore in order to determine the

R e 3
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functions sought we can nold on to the equations (26) - (28) and

the secondary conditions (ek) - (25)

In connection with the latber it can be shown that it is
sufficient to introduce these conditions as the conditions to be

imposed on the '}_nitial values of the unknown funciionst

Let there Ve given the values of 12: for the initial monend
t = 0, OT generally speaking, for any one time point and these
values shall be functions of X3YsZe Let there ve given the

(@N %ﬂ) for the same time poinbs for a definite value of T

J .
£ G- (1= 0) as functions of X5 Vs z_,%, nG- Accordingly

the conditions (2l) for the initial values Bre satisfied. Fur-

ther, they must also satisfy the conditions (25)

With these assunp bions the system of the 25 equations
(28) represents a-n\ormal system for which the Cauchy Problem
can be solved, i.e.\the 25 unknown functions ((ﬂu, Cﬂ,e) can be
asoermir\ed on the pasis of these equations as functions of the

7 arguments x,y,z)il )’)/Z; and 7.
This a.scertainment we will call Operation B

-
on the other hand the 30 unknown quantities ((ﬂL' ,(pﬁ)) ('AL'
coming from the same initial valuesthrough the 25 equations (27)
with the aid of the 5 equations (26), can be represented as
fu.nctionsof the arguments x,y)z,{,nlz and te This we will refer
to as operation Be (The system of the 30 equations (26) - 2n
differs from a normal system of differential equations in ‘the
ordinary sense in that in the right-—hand expressions the values

of the unknown funétions and their derivatives with respect to

e
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Z) n,;occur for the general value system f/ }’]/Z as well as for
the special value system €7>7 =Z=‘0. This condition does not
make any difference, however, for the setting up and solution

of this problem analogous to the Cauchy Probl.em.)

On the basis of the proceeding observation we can now
make the statement: il a value system exists at all for the
desired 30 functions of the 8 arguments t,x,y,z)"a,f, n, ;which
satisfies the equations (2h) = (28) and which takes on the
initial values demanded for t = 0, (4 =0, then this value system
can clearly be found through successive application of Operations
A dnd B, It makes no difference in what order the operations are
applied. (It is not desired to assert that the initial valuesef
the 25 containing moments actually can be treated as arbitrary
functions independent on one another. The opposite statement
can be proved in the following manner. If a system of these
quantities exists as a function of the 8 arguments s and 0’,
which satisfy the equations (27) and (28), then the following

25 equations must exist:

5% (@, F,Qa—(ﬁ@faﬂ:g’f[(@c,ﬁ)—(fu @Rﬂ

If these expressions are developed and all the differ-
ential quotients with respect to b or U are replaced by their
expressions from the equations (26) = (28) then we get a system
of equations of the second order which only contains derivatives
with respe}ct to the 6 arguments x,y,z,E}vJ Z . Each equation of

this type produces, however, one of the conditions which were

placed on the initial values (valid for t = Y=0).

- 16 .-
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Only when the conditions so constructed are actually
satisfied, does the use of the Operations AB and BA produce one
and the same result for the whole value region of the 8 argu-

ments).

If we are not further interested in the determination of
the characteristics of turbulence and are only interested to
ascertain the quantities 5, then we can forget Operation A.
From this standpoint we can be content with the determination

of the Containing moments for the special value’c/=0 (in the case

of the unlimited variables 2, ‘Y))é. Thus we get a complete

system of chara.;teristics which, with the exception of the co-
ordinates and time, depends only.on the three further arguments:
%/ /}'Il Z s We should like to remark that in view of the
relation (25) the system is reduced to 15 basically different

functionse

We must also prove that, as soon as the conditions (2L)
and (25) for the initial values 4=T/=0 are satisfied, the condi-
tions also have validity for the region enlarged by the operations
A, respectively B.

We need only say that for the equation (2k4) the (PL remain
unchanged by the operation A and that, on the other hand, the
expressions Fy which are on the right side of the equation (26)
are independent of the arguments d", Trom this, it can be seen that

our assertion in connection with operation B is correcto

To prove the resulting assertion for the relation (25)

it is enough to show =- as far as these relations together with

Declassified in Part - Sanitized Copy Approved for Release 2012/04/20 : CIA-RDP82-00039R000200040024-0




Declassified in Part - it :
in Part - Sanitized Copy Approved for Release 2012/04/2i RDP82-00039R000!
‘ - - 200040024-0

the equations (2h) are valid for a reglon 1imited by deter-

mination of a definite pair of values t,'ﬁfor this region there

are the following equationst

'gbﬂ-g E(p‘i) ©Op — (CpR’ @L>—j =0
()

“
[
¥

2 o 000 - @4 001 7

£ Through these equations an extension of the pelation (25) takes

place peyond the region in questione

We arrive at these equations in the following manner: First,

the differentiation of the equations (25) results in:

e
2 (). =37 @V=5 Y

P ()

> ¢ 2 o
%’5:(@1\}]) - a@ﬂ(@'k}])"— BO(W’@>

Tn this case s means one of the three quantities X,¥,% and <

means one of the three quantities

With the help of these equations we have from the

formulas (18):

4 Y
0 2E) = (4500

(h)

(ﬁ%%) @)_"—7 @)Q%
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By taking into account the construction of the functions

we gebr
§

(0, F4)— = (Fg, @)
(F., 0r)— = (g, Fi)

(1)

With the help of this formula we get from the equations :

(27) and (28) the relations (f) given aboveo i

simplification of ‘the Pre’ceding Method.

The formulas given above give a complete systen of the
equations for the definition of the characteristics of tur-

bulence and of the average motion. They are still very com-
d because there are & great number of

plicated, on the one har

r because there is a double t
]

urknown functions and on the othe
i ~

nunber of independent variablese

We can reach certain simplification of the notations

above by introducing of the containing moments for infinitely

near points of the four-dimensional continunm,

R (o) =220,

ove, we haver

and we sel:

With the help of the functions developed ab
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e the linear adiabatic

externa
uid in the absence of out=-

If for simplicity's sake we baki

motion of an ideal conpressible fl

side forces, then we have the following system of equations:

3
M:mwéﬁ‘“w*‘é‘i‘

ST > Y

W
OO 3 ow u =
ow _ %
>t 0¥

(31)
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Now we take the mean value of these three equations and

form the correlation moments.

In the resulting equations there generally appear the

characteristics Q and R, e
t X

If we know only the initial conditions of the turbul-

ent motion then we cannot determine the Ry but we can determine

the K

t.
tions (31) so that the results contain no P In view of this

For this reason it is desirable to transform the equa-

remark we obtain from the system (31), with the help of the

formulas (30), a system (32) of 9 equations for the different-

ial quotients _S__U_. ) 86() 8? S,R_LU}_LQ. %—EM

5t

SR, ) SQ(w (w,w) SR(cojp) 5“8"(

BT 2T 5T
(whereby we write, for brevity ‘g't' = %’E‘ =+ (1 %;Z >)

where the quotients contain, besides the quantities T, o
weesosR(p,p) S the tree further quantities /Qx(w) M)) EKOD)M)

Rx (w,p)

We have then 9 equations for 12 unknowns and we therefore

do not get a complete system in this waye. The number of inde-

finite functions remaining has been reduced considerable in con-
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trast to the results of the simple mean-taking -~ that is, the

results of Reynolds! approache

We can achieve a complete normal system from the sug-
gested system of equations (32) if we arbitrarily control the
3 functions /Qx (w, L(«); /‘?X (P/ u) €x(w,/>)o In this manner we x
have obtained by integrating, as a particular solution the fol- é
lowing case of turbulent motion:

> 2

-+ P #

bt BT L D |
2 2

M’-=-b;/0:

R (U )=t ™+t +75 R(w,w= y(x-b2)

R(/D,/))? = (,Zxﬁé+.2ﬁ~é/3><+ (
—%—dz’;»t%& (26{.!’)-«'6'}'/§)Z—-7“ Q (33)

R lpu)=— («E+ é)x—ué?f % at;
/QX (,;0,[//)'; o/,'/:-,c..g.— .

R (w, p) = £ (we) = Ry (o, p= R (wu)=0

C,a,b,c,lz(,@)z' are arbitrary constants in this case and yJ

is an arbitrary function of their arguments.

The fluid behaves, in a given case, like an lncompressible

fluid of the density 1, in mean motion. The mean motion represents,

- 22w
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under these circumstances, & wniform translation of the fluid

as a rigid body.

As we have noted, the equations valid for the character=

jstic Rg are nob a complete systemo The missing relationship

between the characteristics of the turbulence mist be determined }

experinﬁntallyo

~-END~—
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